For an R-module M , projective in σ[M ] and satisfying ascending chain condition (ACC) on left annihilators, we introduce the concept of Goldie module. We also use the concept of semiprime module defined by Raggi et. al. in [16] to give necessary and sufficient conditions for an R-module M , to be a semiprime Goldie module. This theorem is a generalization of Goldie's theorem for semiprime left Goldie rings. Moreover, we prove that M is a semiprime (prime) Goldie module if and only if the ring S = EndR(M ) is a semiprime (prime) right Goldie ring. Also, we study the case when M is a duo module.
Introduction
Goldie's Theorem states that a ring R has a semisimple artinian classical left quotient ring if and only if R is a semiprime ring with finite uniform dimension and satisfies ACC on left annihilators. Wisbauer proves in ( [20] , Theorem 11.6) a version of Goldie's Theorem in terms of modules. For a retractable R-module M with S = End R (M ) the following conditions are equivalent: 1. M is non M -singular with finite uniform dimension and S is semiprime, 2. M is non M -singular with finite uniform dimension and for every N ≤ e M there exists a monomorphism M → N , 3. End R ( M ) is semisimple left artinian and it is the classical left quotient ring of S, here M denotes the M -injective hull of M . Also, in [8] the authors study when the endomorphism ring of a semiprojective module is a semiprime Goldie ring.
In this paper we give another generalization of Goldie's Theorem. For this, we use the product of submodules of a module M defined in [3] to say when a module is a semiprime module. This product extends the product of left ideals of a ring R, so R is a semiprime module (over itself) if and only if R is a semiprime ring in the usual sense.
In order to have a definition of Goldie Module such that it extends the classical definition of left Goldie ring, we introduce what ascending chain condition on left annihilators means on a module. A left annihilator in M is a submodule of the form A X = f ∈X Ker(f ) for some X ⊆ End R (M ). This definition with R = M is the usual concept of left annihilator.
The main concept of this work is that an R-module M is a Goldie module if M satisfies ACC on left annihilators and has finite uniform dimension. We prove some characterizations of semiprime Goldie modules (Theorem 2.8, Theorem 2.22 and Corollary 2.23) which generalize the Goldie's Theorem and extends the Theorem 11.6 of [20] and corollary 2.7 of [8] .
We organize this paper in three sections. Section 1 proves several results for semiprime modules. We also generalize Theorem 10.24 of [10] to semiprime artinian modules.
In section 2 we introduce the concept of Goldie modules. We prove the main Theorem of this paper and a characterization of semiprime Goldie modules. We also obtain some examples of Goldie modules. We also prove that if M has finitely many minimal prime submodules P 1 ,...,P t in M such that M/P i (1 ≤ i ≤ t) has finite uniform dimension, then M is Goldie module if and only if each M/P i is Goldie module for (1 ≤ i ≤ t). We also give a description of the submodule Z(N ) with N ∈ σ[M ].
In the last section we apply the previous results to duo modules which extend results for commutative rings. In [13] the authors say that they do not know a duo module with a quotient not duo, in this section we show an example.
Throughout this paper R will be an associative ring with unit and R-Mod will denote the category of unitary left R-modules. A submodule N of an Rmodule M is denoted by N ≤ M . If N is a proper submodule we write N < M . We use N ≤ e M for an essential submodule. Let M and X be R-modules. X is said to be M -generated if there exists an epimorphism from a direct sum of copies of M onto X. Every R-module X has a largest M -generated submodule called the trace of M in X, defined by tr M (X) = {f (M )|f : M → X}. The category σ[M ] is defined as the smallest full subcategory of R-Mod containing all R-modules X which are isomorphic to a submodule of an M -generated module.
The class S of all M -singular modules in σ[M ] is closed under submodules, quotients and direct sums. Therefore, any L ∈ σ[M ] has a largest M -singular submodule
Let M be an R-module. In [2] the annihilator in M of a class C of modules is defined as Ann M (C) = K∈Ω K, where Ω = {K ≤ M |there exists W ∈ C and f ∈ Hom R (M, W) with K = Ker(f)} Also in [2] , the author defines a product in the following way: Let N ≤ M . For each module X, N · X = Ann M (C) where C is the class of modules W such that
A nonzero R-module M is called monoform if for each submodule N of M and each morphism f : N → M , f is either zero or a monomorphism. M has enough monoforms if each nonzero submodule of M contains a monoform submodule.
Let M -tors be the frame of all hereditary torsion theories on σ[M ]. For a family {M α } of modules in σ[M ], let χ({M α }) the greatest element of M -tors for which all M α are torsion free. Let ξ({M α }) be the least element of M -tors for which all M α are torsion. ξ({M α }) and χ({M α }) are called the hereditary torsion theory generated by the family {M α } and the hereditary torsion theory cogenerated by the same family. In particular, the greatest and least elements in M -tors are denoted by χ and ξ respectively. If τ ∈ M − tors, let T τ , F τ and t τ denote the torsion class, the torsion free class and the preradical associated to τ , respectively. For details about concepts and terminology concerning torsion theories in σ[M ], see [19] and [20] .
Semiprime Modules
For the properties of this product see [4] Proposition 1.3.
We say M is a prime module if 0 is a prime submodule. 
For any submodules
On the other hand,
We said M is a semiprime module if 0 is a semiprime submodule. 
For any submodule
K of M , K M K ≤ N implies K ≤ M .
This is the minimal fully invariant submodule of M which contains K and K M X = (K M M ) M X for every module X. Hence by Proposition 1.3 of [4] we have that
Similar to the proof of Proposition 1.3.
In Remark 1.26 below, we give an example where the associativity of the product (·) M (·) is not true in general. Definition 1.6. Let M ∈ R − M od and N a fully invariant submodule of M . We define the powers of N as:
Proof. By induction on n. If n = 1 the result is clear. Suppose n > 1 and the Proposition is valid for n−1. We have that 2n−2 ≥ n then
Next definition aper in [9] 
3. N is an intersection of prime submodules.
We obtain a sequence of non-zero elements of M , {m 0 , m 1 , ...} such that m i / ∈ N for all i and Rm i+1 M Rm i+1 ≤ Rm iM Rm i . By Zorn's Lemma there exists a fully invariant submodule P of M with N ≤ P , maximal with the property that m i / ∈ P for all i . We claim P is a prime submodule. Let K and L submodules of M containing P . Since P ≤ K and P ≤ L, then there exists m i and m j such that m i ∈ K and m j ∈ L. Suppose i ≤ j, then Rm iM Rm i ≤ K and by construction m j ∈ Rm iM Rm i and thus
It is clear. Proof. By the proof Proposition of 1.11, M has prime submodules. Let P ≤ M be a prime submodule. Consider Γ = {Q ≤ P |Q is prime}. This family is not empty because
, and since C is a chain then K ≤ C. Therefore C ∈ Γ. By Zorn's Lemma Γ has minimal elements. Proof. Let x ∈ {P ≤ M |P is a minimal prime in M } and Q ≤ M be a prime submodule in M . By Proposition 1.12 there exists a minimal prime submodule P such that P ≤ Q then x ∈ Q and x is in the intersection of all primes in M . By Proposition 1.11, x = 0.
We have that (M/Ker(f )) ∼ = N and since N is a minimal submodule Ker(f ), then is a maximal submodule of M . Thus Ker(f ) ⊕ N = M . 
With this process we obtain a descending chain of direct summands, which by hypothesis it is finite
Now, if M is semisimple and satisfies DCC on direct summands then M is artinian. 
and thus K ≤ Ann M (N ). Therefore,
⇐: By definition of annihilator submodule. Proof. Put K = {P |P ∈ S}. Any element in K ∩ N is in the intersection of all minimal prime submodules of M which is zero. Then 
N is an annihilator submodule and is a minimal prime submodule.
3. N is prime in M and N is an annihilator submodule.
As M is projective in σ[M ], by Proposition 5.5 of [2] , we have that
3 ⇒ 1 : Suppose N < K with K an annihilator submodule. Then
Remark 1.26. Following the notation of Example 1.12 of [4] Let
. This ring has only one maximal ideal I and it has three simple ideals: J 1 , J 2 , J 3 , which are isomorphic. Then, the lattice of ideals of R has the form
Moreover, R is artinian and R-Mod has only one simple module up to isomorphism. Let S be a simple module. By Theorem 2.13 of [15] , the lattice of fully invariant submodules of E(S) has tree maximal submodules N , L and K, and it has the form
On the other hand consider the composition
• π where π is the natural projection and i is the inclusion. Then,
Hence N is not prime in M . Analogously, we prove that neither K nor L are prime in M . We also note that
In the same way L M S = S and N M S = S Let g : M → K be a non zero morphism. If Ker(g) ∩ S = 0 then g is a monomorphism, a contradiction. So Ker(g) ∩ S = S. Thus S M K = 0 and
Thus M is not semiprime. Hence, S is a maximal annihilator submodule of M which is not prime because K M K = S. With this we can see that associativity is not true in general, because Proof. Suppose that N < K with K an annihilator submodule in M . Since N = Ann M (U ) by Proposition 1.22, K ∩ U = 0. By hypothesis U is uniform and thus K ∩ U ≤ e U . Then 
Now, if P is a minimal prime submodule of M , then
Hence, there exists j such that P j ≤ P , a contradiction. 
Goldie Modules
The following definition was taken from [17] Definition 2.1. Let M ∈ R − M od. M is essentially compressible if for every essential submodule N ≤ e M there exists a monomorphism M → N .
Definition 2.3. We say M is a Goldie module if it satisfies ACC on left annihilators and has finite uniform dimension.
Then Γ = ∅ and by Zorn's Lemma there exists a maximal independent family
By hypothesis there exists a monomorphism θ :
Proof. Let f ∈ Hom R (M, N ). Since N is M -singular, there exists an exact sequence Proof. Since M has Krull dimension, M has finite uniform dimension and enough monoforms. By Proposition 2.10 M is a Goldie module.
Proof. By definition of M -singular module, it is clear that {f (M )|f : M → N ker(f ) ≤ e M } ≤ Z(N ). Now, let n ∈ Z(N ) and consider Rn ≤ Z(N ). Since Rn ∈ σ[M ] there exists a natural number t and an epimorphism ρ : M t → Rn. Suppose that (m 1 , .., m t ) is such that ρ(m 1 , ..., m t ) = n. If j i : M → M t are the inclusions (i = 1, ..., t), then by Proposition 2.5 Ker(ρ
Remark 2.14. Let M ∈ R − M od and consider τ g ∈ M − tors, where [20] Proposition. 10.2, we have that χ(M ) = τ g . Let t τg be the preradical associated to τ g . Then
where the sum is over the f : M → N such that there exists α ∈ End R (M ) monomorphism with α(M ) ≤ e M and f α = 0.
. By Proposition 2.13 Remark 2.16. Let R be a ring such that R-Mod has an infinite set of nonisomorphic simples modules. Consider M = I S i , I an infinite set, such that S i is a simple module for all i ∈ I and with Si ≇ S j if i = j. This module does not have finite uniform dimension and, in M -tors,
where the sum is over the f : M → N such that there exists α ∈ End R (M ) monomorphism with α(M ) ≤ e M and f α = 0. This example shows that the converse of the last Proposition is not true in general. For a retractable R-module M , Theorem 11.6 of [20] gives necessary and sufficient conditions in order to T := End R ( M ) being semisimple, left artinian, and being the classical left quotient ring of S = End R (M ). Also, in ( [8] , Corollary 2.7) the authors give necessary and sufficient conditions for a semiprojective module M to S being a semiprime right Goldie ring. We give an extension of these results.
The following conditions are equivalent:
Then, there exists a monomorphism M/P i → U i X and since U i is non M -singular, then M/P i is non M -singular. Thus M/P i is non (M/P i )-singular by Remark 2.24. Since M/P i is a prime module, by Theorem 2.8 M/P i is a Goldie module.
⇐: By Corollary 1.14 there exists a monomorphism M → t i=1 M/P i . Since each M/P i has finite uniform dimension then M has finite uniform dimension.
Let 0 = N be a submodule of M . Since there exists a monomorphism M → M/P i then there exists 1 ≤ i ≤ t and submodules 0 = K ≤ M/P i and 0 = N ′ ≤ N such that K ∼ = N ′ . We have that M/P i is a Goldie module, thus it has enough monoforms. Hence N ′ has a monoform submodule, that is M has enough monoforms, and so by Corollary 2.10 M is Goldie module. 
Duo Modules
Following [13] Definition 3.1. Let M ∈ R − M od. M is a duo module if every submodule of M is fully invariant in M .
Examples:
1. If R S is a simple module then, S is a duo module.
2. If R M = I S i with S i simple and S i not isomorphic to S j i = j then M is a duo module.
3. An R-module M is called a multiplication module if every N ≤ M is of the form IM = N for some ideal I of R. These modules are examples of duo modules. See [18] 4. Consider the example in Remark 1.26 that was taken from [4] . In that paper it is proved that M/K ∼ = S ∼ = M/L ∼ = M/N , hence L, K and N are maximal submodules of M . It follows that K/S, L/S and N/S are maximal submodules of M/S. Moreover, since
This implies that K/S is simple, and analogously L/S and N/S are simple.
Let 0 = T < M . Since S ≤ e M , then S ≤ T . If T = S, then T is fully invariant. Suppose that T = S and T / ∈ {K, L, N }. We have that S ≤ T ∩ K ≤ K. Moreover, since K/S is simple, then T ∩ K = S or T ∩ K = K. If T ∩ K = K then K ≤ T < M ; but K is maximal, then K = T , a contradiction. Thus, T ∩K = S. Analogously T ∩L = S = T ∩N .
Let 0 = x ∈ M . If ann R (x) = 0, there exists a monomorphism R → M and thus E(R) = M , a contradiction, because E(R) ∼ = M ⊕ M (see [4] , Example 1.12) and M is a indecomposable injective module. Thus, ann R (x) = 0 for all 0 = x ∈ M .
Let 0 = x ∈ T . Since ann R (x) = 0, then ann R (x) ∈ {I, J 1 , J 2 , J 3 }. By Theorem 2.13 of [15] we have that:
• If ann R (x) = I then x ∈ S
• If ann R (x) = J 1 then x ∈ K ∩ T = S
• If ann R (x) = J 2 then x ∈ L ∩ T = S
• If ann R (x) = J 3 then x ∈ N ∩ T = S Therefore T ≤ S, a contradiction. Thus, all submodules of M are fully invariant.
Remark 3.2. In [13] the authors state that they did not know an example of a duo module M and a submodule N such that M/N is not a duo module. In this example, M is a duo module, but M/S ∼ = S ⊕ S is not a duo module. 
